Strange or bad metallic transport, defined by its incompatibility with conventional quasiparticle pictures, is a theme common to strongly correlated materials and ubiquitous in many high temperature superconductors. The Hubbard model represents a minimal starting point for modeling strongly correlated systems. Here we demonstrate strange metallic transport in the doped twodimensional Hubbard model using determinantal quantum Monte Carlo calculations. Over a wide range of doping, we observe resistivities exceeding the Mott-Ioffe-Regel limit with linear temperature dependence. The temperatures of our calculations extend to as low as 1/40 th the non-interacting bandwidth, placing our findings in the degenerate regime relevant to experimental observations of strange metallicity. Our results provide a foundation for connecting theories of strange metals to models of strongly correlated materials.
largely rooted in the anomalous properties of the high temperature disordered phase. A most notable example is the DC resistivity in the normal state: numerous strongly correlated materials are strange or bad metals (3) , where upon raising temperature sufficiently, resistivity exceeds the Mott-Ioffe-Regel (MIR) criterion with no sign of a crossover or saturation, signaling the absence of well-defined quasiparticles (4, 5) . The incompatibility of this behavior with conventional Fermi liquid theory poses a fundamental challenge to our understanding of materials exhibiting strong correlation effects.
While no consensus exists on the root cause of high temperature superconductivity in the cuprates, a fundamental understanding of the strange metallic state away from the region of antiferromagnetism is highly desired as a starting point to examine the Cooper instability. As pointed out by Anderson early on, poor metallic transport may be the key for the large superconducting transition temperatures, stemming in part from a non-conventional description of Cooper pair formation governed by Coulombic energy scales (6) , much higher than those of a conventional lattice-driven superconductor. Yet clear insight into the nature of itinerant electrons in strongly correlated systems in two-dimensions has been lacking, precluding a starting point to examine how Cooper pairs form.
The Hubbard model on a square lattice is perhaps the most studied model of correlated electrons. While motivated in part by its believed relevance to cuprate superconductors, the model is of generic importance to the understanding of strong correlation effects due to its simple and plausibly realistic form. Lacking an analytical solution in two dimensions, the Hubbard model has been studied through a variety of numerical approaches primarily focusing on its ground state properties. Its transport properties remain relatively unexplored.
Here we demonstrate and study strange metallic transport in the normal state of the Hubbard model using determinantal quantum Monte Carlo (DQMC) calculations at finite temperatures (7, 8) combined with series expansions at infinite temperature (9) (10) (11) . The Hubbard model
Hamiltonian is H = − ijσ t ij c † iσ c jσ + U i c † i↑ c i↑ c † i↓ c i↓ , where c † iσ is the creation operator for an electron on site i with spin σ. The hopping energy t ij between sites i and j equals t for nearest neighbors and t for next nearest neighbors. We choose t /t = −0.25 and an intermediate interaction strength U/t = 6, and simulate 8 × 8 square clusters with periodic boundaries. Our simulations encompass a range of hole dopings from p = 0 to p = 0.3 and temperatures down to T /t = 0.2, or 1/40 the non-interacting bandwidth W = 8t.
Our principal results are based on DQMC measurements of the current-current correlation function Λ(τ ) = j(τ )j where j = i ijσ t ij (r i −r j )c † iσ c jσ is the current operator at momentum q = 0 and τ is imaginary time. For the square clusters we study it is sufficient to consider only the xx component of Λ(τ ). The optical conductivity σ(ω) relates to the imaginary time current-current correlation function through Λ(τ ) = dω π ωe −τ ω 1−e −βω σ(ω). We adopt the standard maximum entropy method of analytic continuation to extract the optical conductivity given DQMC measurements of the current correlator in imaginary time (12, 13) . Further details are provided in (14) , including a discussion of cluster size dependence.
We first discuss the qualitative temperature dependence of optical conductivity ( Fig. 1 ) for hole dopings p = 0, 0.1, and 0.2. While we are concerned primarily with the metallic state of the doped system, it is important to establish the insulating nature of the undoped, halffilled model to verify strong correlation effects for our set of model parameters. The optical conductivity at half-filling, shown in Fig. 1A , demonstrates insulating behavior below roughly T ∼ t, where cooling leads to a decreases of DC conductivity and formation of a ∼ 2t optical gap. This behavior contrasts with the metallic properties of the doped case (Fig. 1B, C) , where a Drude-like peak at zero frequency is present and the conductivity increases with lowering temperature. In the metallic regime, the increase in conductivity is primarily associated with narrowing of the ω = 0 peak. Below T ∼ t, relatively little spectral weight is transferred to or from the Hubbard peak at ω ≈ U = 6t, which contains roughly the same spectral weight over a decade of temperature.
The metallic behavior at high temperatures is markedly distinct. For T 1, the optical conductivity and its temperature evolution are similar for all dopings, including half-filling.
Broad peaks are present at ω = 0 and ω ≈ U = 6t. In this high temperature regime, the spectral weight in both peaks scale together when varying temperature. In contrast to the lower temperature metallic regime, here the width of the ω = 0 peak does not evolve with temperature and the overall profile of the optical conductivity remains fixed.
Having explored the qualitative doping and temperature trends of the optical conductivity, we now focus on the Hubbard model's DC transport properties. The resistivity in natural units of /e 2 is plotted versus temperature in Fig. 2 . The Mott-Ioffe-Regel (MIR) limit tends to be of order unity in natural units. Evidently in our data, no saturation related to the MIR criterion is present. In particular the resistivity for lightly doped systems significantly exceeds the MIR limit even at our lowest accessible temperature.
A clear distinction is present between temperatures below and above T ∼ 1.5. As discussed previously, in the half-filled model, this temperature scale marks an onset of insulating behavior. In Fig. 1 , we additionally saw that in the doped, metallic cases, T ∼ 1.5 separates two regimes of qualitatively different temperature dependences in the optical conductivity. Here in Fig. 2 , we see that the high and low temperature regimes differ also in the temperature and doping dependence of DC resistivity. While both regimes display T -linear resistivity, only at low temperatures T 1 is there significant doping dependence to the resistivity. Going from p = 0.1 to p = 0.3, the temperature coefficient of resistivity decreases by roughly a factor of 3 for low temperatures while remaining nearly constant for T 2. For all considered dopings, the resistivity appears T -linear and uninfluenced by MIR, thus indicating that strange metallic transport is present through a significant portion of the Hubbard model's phase diagram.
To delineate the relevance of model calculations to material physics, it is instructive to con-sider the infinite temperature limit. For a generic nonintegrable model with a bounded energy spectrum, it is expected that T σ(ω) converges to a limit for temperatures above the largest energy scales of the model (15) , namely the ultra-high temperature limit. An immediate consequence is that large, linear-T resistivity violating the MIR limit is ensured for sufficiently high temperature. While such behavior nominally reflects bad metallic transport, it is less relevant to experimental realizations of bad metals: generally both bad metals and saturating metals
showcase their behaviors at temperatures significantly smaller than the Fermi temperature or interaction energy scales. In our calculations of the Hubbard model, we have seen that properties expected in the ultra-high temperature limit extend down to T ∼ 2 before crossing over to a low temperature regime with distinct properties. The fact that the Hubbard model already violates MIR and displays T -linear resistivity in this low temperature regime suggests that its bad metallic transport is of a similar nature to that in strongly correlated materials.
Besides analyzing analytically continued optical conductivity, DC transport properties may be estimated through imaginary time proxies: simple functions of the imaginary time current correlator that converge to the true DC resistivity in low temperature limit. Intuitively, one expects low frequency properties to be most strongly related to data at large imaginary times.
Specifically, τ = β/2 is the "largest" imaginary time (since Λ(β −τ ) = Λ(τ )). We first consider
/ sinh(βω/2) is a bell-shaped function with width approximately 8T that becomes a delta function for T → 0. ρ 1 thus approaches the true DC resistivity if the optical conductivity is featureless over the width of f (ω). In Fig. 1 , we have seen that the zero frequency peak can be sharper than To further analyze transport properties of the Hubbard model, we consider the NernstEinstein relation, which connects conductivity to charge compressibility and diffusivity: σ = χD. In the context of correlated materials, since compressibility is nearly constant at experimentally relevant temperatures, the T -linearity of resistivity derives from the diffusivity, which has been argued to be a more fundamental transport property (17, 18) . In Fig. 4A , we plot the inverse compressibility, obtained in DQMC without analytic continuation. Qualitatively similar trends in doping dependence are present in the resistivity and inverse compressibility, which are somewhat cancelled out when combined to form the diffusivity (Fig. 4B) . At high temperatures, since both resistivity and inverse compressibility scale linearly in temperature, the inverse diffusivity approaches a constant. Conversely at low temperatures, the compressibility approaches a limiting constant value. We thus see in Fig. 4 that the temperature dependence of resistivity crosses over from being dominated by compressibility (19) to being controlled by diffusivity when lowering temperature. Interestingly, similar crossover behavior has been observed in a recent study of an extended Hubbard model in t/U → 0 limit (20) .
The presence of strange metallicity in the Hubbard model at temperatures small compared to the energy scales of model parameters provides promising evidence that the fundamental physics of correlated materials may be approached through studying simplified model Hamil- 
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Hubbard model The Hubbard model Hamiltonian is
where c † iσ (c iσ ) creates (annihilates) an electron with spin σ at site i; n iσ = c † iσ c iσ , the hopping t ij is equal to t for nearest neighbors and t for next nearest neighbors, U is the on-site repulsive Coulomb interaction, and the chemical potential µ controls the doping level.
Determinantal quantum Monte Carlo (DQMC)
We perform DQMC simulations on the Hubbard model To ensure numerical stability in computing the equal-time Green's functions, we use the prepivoting stratification algorithm as described in (31), allowing up to 10 matrix multiplications before performing a QR decomposition. The unequal time Green's functions are constructed using the Fast Selected Inversion algorithm described in (32), with blocks corresponding to the product of matrices from 10 time steps.
We generally run 500 independently seeded Markov chains with 2 × 10 6 spacetime sweeps each, giving a total of 10 9 sweeps for each doping and temperature. Fewer total sweeps (100 × 
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Cluster size dependence Generally, finite size effects can be expected to be minor at the temperatures of our calculations, since correlation lengths are small (e.g. 1-2 unit cells for spin-spin correlations In Fig. S1 we plot the optical conductivity for these three larger cluster sizes together with the 8 × 8 data displayed in Fig. 1C of the main text. For the rectangular clusters, we show both σ xx and σ yy . In Fig. S2 we also show the temperature dependence of resistivity as obtained through MaxEnt and through the proxies ρ 1 and ρ 2 as discussed in the main text. Evidently the data in all cases are quantitatively similar for the larger clusters, thus indicating that the 8 × 8
cluster data presented in the main text are void of significant finite size effects.
Infinite temperature moments expansion
In this section we set the nearest neighbor hopping t = 1 and use t to denote real time.
The exact evaluation of equal time observables at infinite temperature is trivial due to the decoupling of densities. This is no longer true for unequal time correlators and response functions.
However, the moments of response functions correspond to the coefficients of an Taylor series expansion of unequal time correlators at t = 0 and hence can be evaluated exactly. Below we outline our approach for evaluating moments of the optical conductivity and constructing the current correlator and optical conductivity from its moments. Similar techniques have been applied to various problems in literature (see for instance (9-11)).
Without loss of generality, we consider only the x component of current and the xx component of the conductivity tensor. The optical conductivity is related to the current-current correlation function by
Below, we work only in the limit of infinite temperature.
The kth moment of the optical conductivity is Table 1 : Moments of the optical conductivity evaluated through (7), for the 2d Hubbard model with parameters U = 6, p = 0.2 hole doping, and t indicated in the top row. Values are exact up to a relative accuracy ∼ 10 −15 due to numerical precision. Kahan summation is used to minimize accumulated errors.
We focus on the real part σ 1 and hence consider only even moments. By (4),
Here, L is the Liouvillian, defined by LA = [H, A] for the operator A. In the last line, we have
The form of L k j and its corresponding expectation value in (7) are determined algorithmically. We work in the thermodynamic limit and the evaluated moments are exact up to numerical error. For the 2d Hubbard model with parameters U = 6, t = −0.25, we calculate up to k = 9, obtaining all moments up to µ 18 . We also consider the parameters U = 6, t = 0, for which we calculate up to k = 11 and µ 22 . Examples of moments are listed in Table 1 .
Due to the rapid growth of the number of terms in L k j, the primary computational limitation is memory: we work on systems with 128GB of RAM, which can store expressions containing up to ∼ 10 9 terms. For evaluating higher order moments, it is necessary to utilize hard drive storage and/or distribute the computation across multiple nodes. It would require enormous computational effort to significantly extend our current data, as the number of terms in L k j increases by around an order of magnitude when incrementing k.
We consider two approaches to estimating the optical conductivity given the moments:
1. The moments provide the Taylor series coefficients of the current-current correlation function:
is even and real in the infinite temperature limit. These coefficients uniquely determine Padé approximants of Λ(t). Figure SS3 shows Padé approximants of various orders. For our parameters, the highest order Padé approximants are essentially converged up to time
The behavior of Padé approximants in the converged region t 1 already provides considerable insight into the structure of the infinite temperature optical conductivity. First, the decay of current correlations is not monotonic, and reaches a local minimum near t ≈ 0.55 and a local maximum near t ≈ 1. This suggests oscillatory behavior with period ≈ 1. Regardless of whether oscillations persist for t 1, the presence of a complete period of oscillation implies that there is a peak, possibly broad, in the optical conductivity around ω ≈. Second, as the local minimum is still above 0, there must be a significant contribution to the current correlation from a more slowly decaying function.
Based on the above considerations, a minimal form of the optical conductivity would be the sum of peaks at ω = 0 and ω ≈ ±6. We consider peaks with Gaussian, hyperbolic secant, and exponentially decaying profiles, for a total of 9 possible profiles. These forms are Fourier transformed to time, and fitted against the highest order Padé approximant of Λ(t) for time 0 ≤ t ≤ 1. The error of the fits are ∼ 10 −3 in all cases. Plots of the fitted functions and corresponding optical conductivities are shown in Fig. SS4 .
We briefly discuss our choice of peak profiles. First, all moments of the optical conductivity are finite. This is visible through (7): since both the Hamiltonian and the current operator are local, (L 2k j)j cannot diverge. Hence, at high frequency the optical conductivity must decay faster than any power law. This is the rationale for choosing profiles with exponential (or faster decaying) tails.
In (15, 33) , for generic nonintegrable Hamiltonians, a nondivergent singularity at ω = 0 is predicted based on nonlinear coupling between energy and charge diffusive modes.
The singularity has the form lim ω→0 σ(ω) = a − b|ω| d/2 . In d = 1 dimension, evidence for this was provided through exact diagonalization of a 1d model (15) . While similar behavior in 2d is plausible, no such direct numerical evidence currently exists, as exact diagonalization is limited to linear systems sizes of ∼ 4, which would significantly round off any singularity (15) .
The exponentially decaying profile e −|ω| has a cusp consistent with the type of singularity expected in 2d. As both this sort of peak profile and nonsingular profiles produce Hyperbolic secant Pade fit Figure S5 : Truncated continued fraction of Λ(t) for U = 6, t = 0, and n = 0.8 as given in (10) . Also plotted is the hyperbolic secant fit to the highest order Padé approximant.
The recurrents are given by the diagonal elements:
Given the recurrents |∆ 1 | 2 , . . . , |∆ n | 2 , the task of constructing the optical conductivity is reduced to determining an appropriate truncation function T (ω):
This has been approached through various extrapolations in (9, 10) . A less sophisticated technique is given in (11) , which amounts to setting the last fraction = |∆ n |. In Fig. SS5 , we show the results of applying this simple method.
The qualitative and quantitative agreement between these completely different approaches provides confidence that the true form of the infinite temperature optical conductivity is unlikely to be considerably different from our estimates. We generally find that the first method of fitting to Padé approximants, especially using hyperbolic secant profiles, to produce more robust results that tend to lie in the middle of the spread of spectra using truncated continued fractions.
We thus use this fitted spectra in the data presented in the main text.
